In this paper we consider a fluid-conveying channel with a compliant insert undergoing large amplitude flow-induced deformations. The objective is to assess the suitability of an open source finite element library oomph-lib for modelling this system. The fundamental system is relevant to a host of applications in both engineered (e.g. flexible-pipes, membrane filters, and general aero-/hydro-elasticity) and biomechanical (e.g. blood flow, airway flow) systems. The structural model uses a geometrically nonlinear formulation of the solid mechanics. Viscous flow is modelled at Reynolds numbers producing unsteady laminar flow. We present a brief summary of previous component validations with oomph-lib. We then focus on the unsteady-state FSI validation by comparing with published results, obtained using different computational schemes. This is done for both small-amplitude and large-amplitude wall deformations. Finally, we look at some preliminary energetics analysis of the flexible wall. The validations demonstrate the suitability and versatility of oomph-lib as a modelling and predictive tool. The flexible wall energetics validation show the possibility of understanding system stability through analysis of the flexible wall and fluid energetics. * Address all correspondence to this author. The study of fluid-structure interaction (FSI) problems using numerical methods has become increasingly popular due to advances in computational power. The object-oriented multiphysics finite element library oomph-lib, an open-source project, suits the objectives of this study [5] .
Inlet mean velocity
INTRODUCTION
The investigation regarding possible occurrence of flutter for a fluid-conveying flexible pipe with fixed ends is significant in understanding a fundamental phenomenon of Nature. It has many biomechanical applications as flexible conduits are universal in the human body. Examples of these are the arterial, venous, lymphatic, pulmonary airway and urinary systems [1] .
The characteristic phenomena can be reproduced in laboratory experiments using the Starling Resistor [2] . A closely related model was introduced by Pedley [3] , shown in Figure 1 . It consists of a 2-dimensional (2-d) channel with one segment of the wall replaced by a membrane under longitudinal tension. There are practical difficulties in producing the 2-d flow experimentally. However it still has considerable theoretical advantages as it avoids the complications of fully 3-d flows found in the Starling Resistor while exhibiting flow limitation and selfexcited oscillations [4] .
The study of fluid-structure interaction (FSI) problems using numerical methods has become increasingly popular due to advances in computational power. The object-oriented multiphysics finite element library oomph-lib, an open-source project, suits the objectives of this study [5] .
The purpose of this paper is to evaluate the suitability of oomph-lib for 2-d flexible channel stability investigations and better understand the stability characteristics of this system. We first explain the computational methods used including the governing equations, numerical setup, startup procedures and physical parameters used.
In the results section we first present a brief summary of previous work on flexible wall and fluid component validations, as well as steady-state FSI validation. Then we move on to the validation of the dynamic system FSI by looking at two cases. The first is a small-amplitude flexible wall deformation, which has been modeled computationally using a code precursor to oomph-lib [4] . The second case is large-amplitude deformation cases with characterisation of unsteady, neutrally stable and stable conditions [6] .
In this second case, oomph-lib was compared against two other numerical techniques. The first is Automatic Dynamic Incremental Nonlinear Analysis (ADINA), a commercial finiteelement package that is well-established and is supported by a large of body of academic publications [7] . The second is the Finite Beam Model (FBM), a numerical code developed by Luo et al. 2008 [8] . FBM was developed specifically for the study of flexible channel problems.
One advantage of oomph-lib over ADINA and FBM is that it is open-source and can therefore be tailored to specific research-problem enquiries, in this case the study of system energetics. A preliminary energy analysis is provided in the final section of this paper, validating the flexible wall energetics. oomph-lib also permits geometry modifications, whereas the FBM code is set up for a specific geometry that limits its use as
a more general FSI tool.
This paper describes the improved oomph-lib FSI model and demonstrates its utility in understanding the system stability through characterization of system behaviour.
METHOD

Theoretical model
The model created is based on that by Pedley [3] . Figure 1 shows the major geometrical parameters of the model. Variables identified with asterisks are dimensional and those without asterisks are nondimensional. Fluid flow is driven by a prescribed Poiseuille velocity profile at the inlet of the 2-d channel of width H * and total length L * total . The total length is the summation of the upstream length L * up , flexible section length L * flex , and downstream length L * down . The upstream and downstream sections are rigid, and the central section is an elastic plate. The wall is loaded by an external pressure p * ext and the traction that the fluid exerts on it.
Governing equations
We now describe the formulation of the governing equations for the viscous fluid and flexible wall components of the oomph-lib model. Some manipulation of these equations is performed to normalise the numerical problem so it is numerically better-conditioned. Table 1 lists the quantities used for nondimensionalisation. Quantities used here include the undeformed channel inlet pressure p * in , the dynamic viscosity µ * , Young's modulus E * and Poisson's ratio ν. Table 2 lists the four nondimensional quantities that govern the solution space: Reynolds Number Re, Strouhal Number St, fluid pressure scale ratio Q and the solid-to-fluid density ratio (ρ * s /ρ * f ). Note Q is the ratio of the viscous pressure scale (U/H) used to nondimensionalise the Navier-Stokes equations to the effective elastic modulus of the flexible wall (E * eff = E * /(1 − ν 2 )) [9] . Reynolds Number
Fluid Flow
The Newtonian fluid is governed by the incompressible Navier-Stokes equations. Non-dimensionalisation using the entries of Table 1 gives the Navier-Stokes equation
and continuity equation
with velocity component u, spatial coordinate x and time t. Subscripts i, j = 1, 2 respectively denote the horizontal and vertical position and direction. The velocity vector is
where u i is the velocity component and e i the unit vector; subscripts 1 and 2 respectively again denote the horizontal and vertical directions. The fluid flow is subject to the following boundary conditions:
Inflow is prescribed to be a plane Poiseuille velocity profile
No slip on rigid walls; and flexible walls.
where R w is the flexible wall displaced position.
Flexible Wall
The beam elements in oomph-lib are based on geometrically-nonlinear Kirchoff-Love beam theory with incrementally linear constitutive equations.
The beam's undeformed shape is parametrised by a nondimensional Lagrangian coordinate ξ and the nondimensional position vector to a material particle on the beam's centerline in the undeformed configuration is given by r w (ξ ). The unit normal to the beam's undeformed centerline is denoted by n. The applied traction f = f * /E eff (a force per unit deformed length of the beam) which deforms the beam causes its material particle to be displaced to the new position R w (ξ ), and the unit normal to the beam's centerline is N [9] .
The nondimensional form of the principle of virtual displacements that governs the beam deformation is then given by
where
represent the squares of the lengths of infinitesimal material line elements in the undeformed and deformed configurations, respectively. These may also be interpreted as the '1×1 metric tensors' of the beam's centerline in the respective configurations.
The quantity A/a represents the 'extension ratio' of the beam's centerline, and ds = √ a dξ . We represent the curvature or the beam's centerline before and after deformation by
The strain and bending 'tensors' γ and κ are then given by
Next, the ratio of the natural timescale of the beam's in-plane extensional oscillations is
Λ 2 may be interpreted as the nondimensional wall density, thus setting it as equal to zero corresponds to the case of zero wall inertia.
FSI
The interaction between the fluid and flexible wall is modeled using traction elements. It is assumed there is no slip for the fluid directly adjacent to the flexible wall. Thus the nodal positions of the fluid in contact with the flexible wall move in unison.
The wall is loaded by an external pressure p ext and the traction that the fluid exerts on it. The components of load vector f that act on the wall are given by
for i, j = 1, 2, where N i are the Eulerian components of the outer unit normal on the boundary of the fluid domain.
Numerical implementation
The problem is formulated using oomph-lib. We use two-node Hermite beam elements for the 1-d beam. Nine-node quadrilateral Taylor-Hood elements are used for the fluid. Nodal positions are updated in response to the changes in the flexiblewall position when it deforms.
Timestepping is performed using a Newmark and Steady scheme for the solid (with and without mass respectively), and BDF scheme is used for the fluid. The FSI problem is discretized monolithically and the Newton-Raphson method is used to solve the nonlinear system of equations (specified by the global Jacobian matrix and the global residual vectors), employing the SuperLU direct linear solver within the Newton iteration.
Startup procedures
There are several simulation sets presented in this paper. Thus it is necessary to describe the startup procedures and parameters and their differences. We look at the parameters of [4] and [6] , noting their differences. Then alterations are made to the parameters of Case A in [6] to study flexible wall energetics and the variation of flexible wall inertia.
All simulations have the same general startup procedure. A fully-developed viscous flow is passing through the channel. This is characterised by specifying either the inlet pressure P inlet or inlet mean velocity U inlet . In both cases the outlet pressure P outlet is fixed at zero.
At this point an external pressure is applied on the flexible wall that negates the opposing pressure due to the fluid flow. Thus this external pressure is a linearly decreasing one. This external pressure is then gradually removed whilst at the same time two new uniform external pressures are being applied. The first external pressure P ext is applied to give the flexible wall its mean shape. The second is the perturbation pressure P pturb that is used to excite the system. Upon full application of P ext and P pturb , the initial external pressure that negated the fluid pressure has now been completely removed. After several timesteps, P pturb is removed to create an excitation that may give rise to dynamic behaviour. Flexible wall oscillations will dampen in a stable system or grow and persist in an unstable system.
Parameter values
The input parameters are specified in dimensional form in Table 3 to allow for a better appreciation of the physical scales. This is separated into the small-amplitude and large-amplitude wall deformation cases. The corresponding values of the important nondimensional parameters are shown in Table 4 .
We first describe the similarities of these systems. The channels have the same dimensions except for the small-amplitude case which has a longer flexible wall section. Fluid flow speed is in the laminar region with Re 300-500. There is no flexible wall mass and thus the the solid-to-fluid density ratio ρ * s /ρ * f is zero. This also causes the solid-mechanics timescale ratio Λ 2 to be 1 as the flexible wall motion is immediate, without lag due to wall inertial effects.
The next two sections describe the difference of these two cases. Variations of the large-amplitude parameters are also specified to perform the in vacuo energetics and inertial wall analysis.
Small flexible wall deformation
The small-amplitude flexible wall deformation case is in comparison with results from Jensen & Heil 2003 [4] . The fluid is water and the flexible wall is massless. As this is a pressure-driven system, the inlet pressure is specified. A pre-stress is applied and an external pressure is applied on the flexible wall. This ensures that the mean position of the flexible wall is flush against the rigid upper channel wall. An P pturb value is selected to replicate the flexible wall displacement as in Heil & Jensen 2003 [4] .
Large flexible wall deformation There are three cases outlined in Liu et al. 2009 to demonstrate three possible different behaviours of this system. These are Case A (unsteady), Case B (neutrally stable) and Case C (stable). All three cases have a water-like fluid density and a massless flexible wall. However, this case has no flexible wall pre-stress, which could cause the fluid pressure on the flexible wall to dominate. This is also the major factor for causing the system to experience large wall deformation. Arbitrary P pturb values are selected to replicate the flexible wall displacement as in Liu et al. 2009 .
Case A variations for flexible wall energetics validation
We try to better understand this system by analyzing the system energetics. In this paper we analyze the flexible wall energetics in vacuo. This validates the flexible wall energetics tool. This serves as a base case to determine variations from typical flexible wall behaviour. To do this, FSI is switched off. The fluid then does not have any effect on the flexible wall; i.e. the wall behaves as if it is in vacuo. Application of P ext is not required in this case because without fluid pressure exerted, the flexible wall is in the flush position. A P pturb is then applied that bends the flexible wall into its 1st eigenmode shape. An arbitrary finite value for wall inertia is also applied to study the flexible wall energetics. This is because without wall inertia, the wall would simply snap back to its flush position upon releasing P pturb and not oscillate. [8] . These simulations were for large flexible wall deformations. The shape of the flexible wall and pressure variation adjacent of the flexible wall were similar to that of Luo et al. 2008 [8] . With this, it is concluded the steady-state behaviour of the model is correct.
RESULTS
Summary of previous component validations
The final set of dynamic FSI validations will be presented in the following sections and will show their compatability with previously published numerical results.
Small Amplitude (Heil & Jensen 2003)
The dynamic behaviour of the flexible wall produced by oomph-lib can be seen in Figure 2 . The red line is the initial flexible wall shape before P pturb is released. The black lines are plots taken at time intervals during its unsteady state. The flexible wall midpoint vertical displacements change in time from Heil & Jensen 2003 [4] and oomph-lib are then plotted in results in Figure 3 . It can be seen that the form and amplitude rate of decay are similar. Comparing the oscilation frequency, the original case gives a frequency of 2.129 whereas oomph-lib produced a result of 2.136, a difference of only 0.3%. Thus these two results are very similar. It is noted though that this is a smallamplitude case. As can be seen the maximum peak-to-peak amplitude at the start of the simulation is only 0.002. Figure 5 shows the results for Case A. The oomph-lib results conform with the behaviour of the ADINA models by oscillating indefinitely with a saturated oscillation whereas the FBM model becomes dominated by a higher frequency oscillation. Thus there is a difference in the overall behaviour between the FBM model and the other models. Figure 6 shows the results for Case B. The oomph-lib results do not show much oscialltory behaviour and dampens out to a stable state quickly. However, it can be seen the general trendline of oomph-lib is similar to the other solvers except for the FBM model which again is oscillating with an increasingly large amplitude. It seems this simulation set occurs at some critical stability point, as the oomph-lib and ADINA models decay to a stable state while the FBM model becomes unstable. Figure 7 shows the third case, Case C. All models exhibit the same oscillatory behaviour with only small differences in the mean displacement of the flexible wall.
The differences of the oomph-lib model with the ADINA models and FBM are characterised using two quantities. First is the intial y-displacement of the flexible wall midpoint. Second is oscillation frequency of the system. These can be seen in Table 5 and Table 6 respectively. Note that in the Case A FBM results, there is a secondary (higher) frequency increasingly dominating the system. This frequency is not compared with the rest of the models as it is obviously higher than all others. Furthermore it is not comparable as this system seems to go unstable whereas the rest of the solutions saturate into a neutrally stable oscillation system. Comparing the initial flexible wall midpoint y-displacement results, oomph-lib results are most similar to that of the AD-INA iso-beam and 2D-solid small strain models. The only exception is Case C where oomph-lib most closely matches the 2D-solid large strain model. However, it can be seen that the displacement values of all models are very similar for Case C, thus all differences in this case are within acceptable bounds. It is also noted that for the highly dynamic Case A, the 2D-solid large strain model has a significant difference with oomph-lib of 28.6%. Frequency comparison is most obvious in Case A where all models have distinct solutions. The oomph-lib results are most similar to the iso-beam/2D-solid small strain. Frequency for Case B is not applicable as the oomph-lib result damps out very quickly. The other ADINA models although having different startup wall dynamics eventually damp out and maintain a stationary state as well. The FBM model however experiences growing-amplitude oscillation. The frequency for Case C is similar for all models. Thus the FBM and ADINA models are assumed to have the same frequency for comparison purposes. Although there are differences in the unstable oscillation frequencies, it is noted that the general behaviour of the ADINA models and oomph-lib are essentially the same (whether the system is remains stable or becomes unstable). The FBM however seems to be much more sensitive and tends to enter an unstable state when the other models remain stable. Thus taking these two comparison sets into account, it is concluded that oomph-lib results are most similar to that of iso-beam/2D-solid small strain, followed by FBM and 2D-solid large strain quantitatively. Though this is the case, the general behaviour of oomph-lib and the ADINA models are similar whereas the FBM model has a greater tendency of becoming unstable.
The agreemement between the oomph-lib and ADINA iso-beam and 2D-solid small strain results is encouraging. The difference in unsteady results between the ADINA 2D-solid models and FBM was attributed to inclusion of coupling terms. The FBM model does include coupling terms whereas the AD-INA iso-beam model does not include them [6] . Non-inclusion of coupling would respresent a Timoshenko beam without longitudinal stretch. It is unclear whether the 2D-solid beam models include these terms. It is suggested in Liu from the 2D-solid small strain elements agree with the iso-beam model [6] . To add to this discussion, the oomph-lib model is fully-coupled and exhibit the same behaviour with ADINA isobeam and 2D-solid small strain rather than the FBM. Thus it appears the inclusion of coupling may not have a great effect to this aspect. Another consideration is that the FBM model neglects the shear strain contribution to shear stress whereas ADINA and oomph-lib do take this into account [6] . The difference of the 2D-large strain model with all other results perhaps is due to it overpredicting the effects of bending strain in this model as the flexible wall is 1D. It may be more suitable for beams with a finite thickness rather than a 1D beam which is dominated by the axial strain rather than the bending strain. 
Flexible wall in vacuo energy validation
The in vacuo flexible wall midpoint y-displacement of this case can be seen in Figure 8 . The flexible wall moves with a steady oscillation indefinitely. There is no decay in the oscillation as there is no damping in this model. Figure 9 shows the two flexible wall potential energy components; the stretch (axial) and bending potential energies. The system is dominated by the axial potential energy while the flexural potential energy is much smaller by comparison by two orders of magnitude. As mentioned in the discussion of the previous section, this is because the fleixble wall is 1-D and so the bending effects are less significant than the stretching. Figure 10 shows the flexible wall kinetic and potential (sum of axial and flexural) energies. It can be clearly seen there is a continuous exchange between the potential energy and kinetic energy. Maximum potential energy and zero kinetic energy correspond to the moment when the flexible wall is at its oscillation peak and trough (largest displacement points). Zero potential energy and maximum kinetic energy correspond to the instantaneous moment when the flexible wall is flush against the top channel wall. This is when the flexible wall has the highest velocity (and therefore highest kinetic energy) and the smallest potential energy (as there is no bending or stretching in the flexible wall at that point). This exchange of energy is as expected for a free-oscillation system. 
CONCLUSION
We have presented a numerical model of a 2-D channel with a 1-D flexible wall insert on the top wall with viscous fluid flowing through the channel. This model was developed using oomph-lib, an open-source finite-element library. We have validated the system FSI against other established numerical techniques (ADINA, FBM) and proven oomph-lib to be a suitable and robust modelling tool for this type of system. We also discussed the oomph-lib energetics tool and demonstrated its use through the flexible wall energetics validation. This tool will be extended for future investigations in characterizing system stability. 
